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Reflection and Transmission Characteristics
of an Uncoincidental Junction on
Rectangular Dielectric Waveguides
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Abstract — A novel approach to the analysis of an uncoincidental junc-
tion in rectangular dielectric waveguide (RDWG) is presented. The bound-
ary condition equations on the junction plane are presented through the
tangential components of guided modes and radiation modes which are
excited at the discontinuity. To obtain the reflection and transmission
coefficients at the discontinuity, the equations are transformed into the
spectral domain by the two-dimensional Fourier transformation. In the
spectral domain, the orthogonal relationship between the guided and
radiation modes is used to determine the reflection and transmission
coefficients approximately. The parameters corresponding to the phase
constant of the radiation fields in the spectral domain are defined by using
an iterative calculation. The reflection and transmission coefficients are
determined exactly. These coefficients are compared with 10 GHz band
experiments. Our analysis is found to be in good agreement with experi-
mental results,

I. INTRODUCTION

IELECTRIC waveguide which has a rectangular cross
Dsection is an important element in integrated circuits
for millimeter, submillimeter, and optical wave ranges. It is
necessary to know the reflection, transmission, and radia-
tion characteristics at discontinuities on the guides when
the integrated circuit is designed. In previous work, these
problems have for the most part been treated as coupling
problems between solid-state lasers and slab waveguides.

Rozzi [1] presented a variational treatment for the
diffraction of TE and TM waves on the discontinuity and
solved the problem by the Ritz—Galerkin approach. The
guide discontinuity was analyzed by means of the least-
squares boundary residual method [2].

On the other hand, Hockham [3] solved the problems of
solid-state laser radiation by introducing the radiation
mode, which is expressed in spectral form. Lewin [4], [5]
analyzed a similar problem by taking into account the
reflected guided mode components which Hockham had
neglected.

Takenaka et al. [6] improved upon Lewin’s method.
They transformed the boundary condition equations at the
slab waveguide junction into the spectral domain and,
using an iterative method, calculated the ratio of the
electric to the magnetic field on the junction more pre-
cisely.
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Fig. 1. Uncoincidental junction of rectangular dielectric waveguide and

coordinate system.

We extended Takenaka’s method to three-dimensional
problems and analyzed the characteristics of an abruptly
ended rectangular dielectric waveguide (RDWG) [7] and of
a coaxial junction of different sizes of RDWG [8].

In this paper, we present the reflection and transmission
characteristics of an uncoincidental junction of a RDWG
by applying the analytical method in [7] and [8].

Outlines of the analytical approaches are as follows. (1)
The electromagnetic field on the uncoincidental junction
plane is expressed by guided and radiation mode fields. (2)
A pair of field equations which must be satisfied with
boundary conditions on the junction plane is defined. (3)
The two-dimensional Fourier transformation is introduced
and applied to these equations. (4) These equations are
solved to obtain the approximate radiation mode field by
introducing the phase constant of the radiation mode. (5)
Considering the orthogonal relations between guided and
radiation modes, these phase constants are made to con-
verge to a constant value by means of an iterative method.
Then, the reflection and transmission coefficients are also
converged to final values.

II. ANALYSIS

A. Field Expression on Junction Plane

An uncoincidental juriction in a RDWG with dielectric
constant €€, and coordinate system are shown in Fig. 1.
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Fig. 2. Field components around the uncoincidental junction.

Waveguides #1 and #2 are assumed to be single-mode
waveguides and to have the same dimensions. The funda-
mental E}; mode propagates on waveguide #1 from nega-
tive infinity of z. An approximated field expression of the
guided mode (E{}) has been given in [9, appendix]. Two
guides are joined uncoincidentally at z = 0. The surround-
ing region of the guide has a dielectric constant ¢, and a
permeability p,. As the main field components of the Ep;
mode are E, and H,, we concentrate our attention on
them. Referring to Fig. 2, we obtain the following bound-
ary condition equations:

Ej(x,y)

[ee]

+R0E)’,(x,y)+j; [) R(p,,p,)

XE)(p,,p,,x,y)do,dp,

= TOE;(xa y)

o0 o0
+L ‘/(; T(px’ py)Eé(p)c’ py’x’ y) dpxdpy (1)

Hé(x’y)_ROH;(x’y)
—fo fo R(p..0,)H.(p,,0,,%,y)dp,dp,

= TOH;(X» J’)

o0 20
t
+f0 fo T(p, p,) Hi (0, 0., X, y) do.dp,. (2)

In the above equations, E(x,y) and Hi(x, y) are
the electric and magnetic fields of the incident guided
modes. R, and T; are the reflection and transmission
coefficients of the guided mode fields. E(p,, p,, x, y) and
H{(py pys %, y) are the clectric and magnetic field compo-
nents of the transmitted radiation mode, respectively.
R(p,, p,) and T(p,, p,) are the reflection and transmission
coefficients of the radiation mode fields. The quantities p,
and p, are transverse phase constants of the radiation
modes. In the above expression, the superscripts i and ¢
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Fig. 3.

indicate the incident and transmitted components. The
superscript r, which will appear in (4) through (7), indi-
cates the reflected component.

The two-dimensional Fourier transformation (TDFT) is
introduced to put (1) and (2) into the spectral form:

1 0 o)
Glpr) =g [ [ slnymertaxdy (3)

where pu and » are the spectral variables.
Substituting (3) into (1) and (2), we obtain the following
boundary conditions in the spectral domain:

(1+Ro)e'(p, )+ &, v)

=Toe'(p,v) + E"(p.v) (4)

(1= Ro) (g, v) + #" ()

=Toh'(p,v)+#(p,v) (5)

where e’(p, ») and A'(u, ») are spectral expressions of the
electric and magnetic fields of the guided mode. In the
above equations, the effects of the shift of guide axes in
both the x and the y direction on the discontinuity plane
are taken into account:

e'(p, v) o e’(,u, v)ef(’“_”d)
hi(p,v) ki (p, v)e/Bemrd

where ¢ and d indicate shifting quantities of the x and y
axes, respectively. The quantities 67 °(u, ») and # 7(u, »)
are spectral expressions of the radiation mode fields, which
were shown in integral form in (1) and (2).

As the field components expressed in the spectral do-
main should be satisfied with Maxwell’s equation, the
following relations can be obtained for the front and back



416

sides of the junction:

wege

W (p,v)= 3 e(p,v) for z<0 (6)
wee,

K (p,r)=— 3 e'(p,») forz>0 (7)

where B is a phase constant of the guided mode in both
guides #1 and #2. The quantities € _ and ¢_ represent
the relative dielectric constant distribution in the back and
front regions of the junction as shown in Fig. 3 [9].

From (6) and (7), the following relations are assumed to
be kept for the radiation modes:

#(pv) = p“’(ijf;)é"(u, ) (8)
4, v) = - q“(’;‘f;)@m(u, ). )

In the above equations, the parémeters p(p,v)and g(p, »)
have the following physical meaning: p(u,») is the phase
constant of radiation modes in the spectral domain for the
z <0 region (RDWG #1 side), and g (p,») is the con-
stant for the region of z > 0 (#2 side).

Since p(p,») and g(p,») cannot be defined exactly at
this stage, we use the following expression as the zeroth-
order approximation [7], [8]:

p(p,v)=q(p,»)

~ e ki—p—r?, eki=pi+0v? (10)

— iy +vi—e k2, e kd<pr+v?

kb = w’peo-
The above-mentioned expression means that p(p,») and
q(p., v) are the phase constants in the spectral domain of a
plane wave in a homogeneous medium with dielectric
constant [5].

As the cores of waveguides #1 and #2 occupy a very
small region in the surrounding media, we may use (10) as
the zeroth-order approximation. The constants p(u, ») and
q(p,r) are made to converge to constant values by an
iterative approach, as shown below.

B. Derjvation of the Reflection Coefficient R and
Transmission Coefficient T,

As a result of substituting (8) and (9) into (4) and (5),
the spectral forms of the reflected and transmitted radia-
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tion electric fields can be obtained as follows:
1

&"(p,v) = < .
MO{ () P(Ma”)}

JRo= 180 - (14 R ) S

e

(D@t(”’ V) =

e’(u,V)+h’(u,V)}To]

1

(11)

ol 7 7o)
[(R ) (- R ()
- e’(p,v)}TO].

# ()= (12)
»)—
B ()

These expressions show that the electric field of the
radiation mode in the spectral domain can be expressed as
a function of the field distribution of the guided modes e’
and 7', the reflection and transmission coefficients R, and
1,, and the parameters p(p,») and g(u,»). However, in
this step, the correct values of R, Ty, p(u, »), and ¢(g,»)
are not yet known.

To determine R, and 7, an orthogonal relationship
between radiation and guided modes is utilized, and the
following procedures with the recurrence relation for
p(u,v) and g(p, v) are introduced.

Step 1: We introduce the orthogonal relation, denoted
A, and A,, between the electric field of the radiation mode
and the magnetic field of the guided mode as follows. For
z <0 (in the region of RDWG #1),

A= 7 & (pv) dua
while for z > 0 (in the region of RDWG #2),

A= [ [ & wr)h(nv)dpdy  (14)

where the * denotes the complex conjugate of a function.

If the parameters p(u,») and q(p,») are defined cor-

rectly, R, and T can also be derived correctly by setting

(13) and (14) equal to zero. Unfortunately, (13) and (14)

are not equal to zero, because p(p,») and g(p,») in this
step are given approximately by (10).

Step 2: We start with an iterative calculation for R, and
T, by setting (13) and (14) equal to zero. As a result, we
can find a zeroth-order approximated expression for R,
and T as follows:

(13)

f/wA, B} dudv- ff AB*dpdv—ffooA, By, dudv- ff A,B,, dpdv

(15)

ff A,B;; dudy- ff A, p,dudv—ff AB ddy: ]/ AB, dpd
ff A,B, dpdv- f/ A,B, d,udv—ff Ar q,d,udv ff A, p,dudv

(16)

ff A,B; dudy- ff ABjd,udv—f/_ A,B;; dudy- ff A,B dudy
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where

R ()
4,= €, €_
+
q(u,v) ~ p(p,7)
R (p,v)
4,= €, €_
+
q(m,7)  p(p,»)
. _hm(”7y)+ em(‘u,,y)

a=p(p,v) or q(p,») m=iort.
R, and T can be calculated by means of a numerical
method, and they are referred to in this step as R and Tj.

Step 3: As in step 1, two other parameters, 51 and A,
are introduced in terms of the magnetic field of the radia-
tion mode and the electric field of the guided mode.

For z < 0 (in the region of RDWG #1),

%

Si= 7 [T et | TS e ) dudr 17

— oY —oo

while for z > 0 (in the region of RDWG #2),

f f rf(w'){ *

) é”(,u,v)} dudv.
(13)

(u, )

In this step 51 and 52 are not yet equal to zero owing to
the use of the approximated p(p,») and g(p, v).

Step 4: Procedures similar to those shown in step 2 are
applied to A, and A,. Then expressions for R, and T, can
be obtained as follows:
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_Step 5: Comparing the values of Rj and ﬁo (T and
T,), we must decide whether the calculation procedure is
continued or not.

(i) When |R}— Ry| (ITy — T,)) is smaller than a crite-
rion (4), which can be determined by the accuracy
necessary for the calculation, the final result of R,
(Ty) is obtained as Ry = Rj = R0 (T,=Ty =T).

(ily When |R,— R,| or |Ty — TO| is larger than that
criterion, step 6 should be followed.

Step 6: Approximated recurrence relations for p(u,v)
and g(u, ») are introduced as follows [7], [8]:

1 — 1 3 l(n) (Pw V) (21)
P(n+1)(.u”’) P(n)(.“,”) “’fo‘-f (. )

! = ! A2 Ao (15 ») (22)
‘](n+1)(H,”) q(,,)(u,V) wege €' (p,v)

In the above equations, it is assumed that the (n +1)th
field expression is not so different from the (n)th field,
and the incident power of the guided mode in the RDWG
#1 is normalized to 1 W.

Until (R} — R, (|Ty — T,|) become smaller than 8, steps
1 through 6 are iterated by substituting (21) and (22) into
(11) and (12).

The above-mentioned method is considered to give an
approximate value of Ry and T, under the condition
whereby A, and A, are sufficiently small i.e., the orthogo-
nal relatlon between the radiation and the guided mode is
approximately satisfied.

I1I. NUMERICAL CALCULATIONS

A. Field Expression of Guided Mode on the Rectangular
Dielectric Waveguide

For calculating the reflection and transmission coeffi-
cients, it is necessary to determine the transverse field

/ f_wooc,B; dpdv- / f_wa,BI; dpav— | [ * B, dudy- /[ ” GB; dudy )
" ffj’ B dudv-ff_oo C,B; dudv—ff C,B;: dpdv- ff C,B;; dudv

ff CBq, dpdv- /f B, d,udv—ff C.B dudv-//ﬂwatB; dudv 20)

ff C,B; dudv- ff C,B;, dpdv—ff_wC,B; dudv.ffioc,B; dudv

where

e e (u,») € e (p,v)
©oq(p,v) ©op(w.v)
Y €_ €_+e,
p(p,v) a(p,»)

R, and T, as calculated here are written as R, and T,.

expression of the guided modes. However, a rigorous field
expression for a rectangular dielectric waveguide has not
been found. In this paper, an approximated field expres-
sion of the guided mode is introduced and used. The
transverse plane on the waveguide is divided into nine
subregions (as shown in Fig. 4) and the field distribution
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rectangular dielectric waveguide.

in each region is defined explicitly:

E(x,y)=- oy rexAcos(kxx)cos(kyy)
in region 1 (23)
a
Ey(xa y) = - . Acos(kxi)COS(kyy)e_'YxUXl*a/Z)
in regions 2 and 3 (24)
b
Ey(x7 y) = ) ACOS(kx.X)COS(kyE)e—Yy(IY|_b/2)
in regions 4 and 5 (25)
B a b
E (x,y)=- weOeCACOS(k"E)COS(k-VE

- e~ V(xl=a/D =1, (131~ b/2)

in regions 6, 7, 8, and 9. (26)

B. Calculation Results

Three types of uncoincidental junction are shown in Fig.
5. Guide axes of type I are displaced by ¢ only in the y
direction. Axes of type II are displaced by d only in the x
direction. Axes of type III are displaced by ¢ and 4 in
both the x and the y direction. The calculation of R, and
T, has been carried out with the following dimensions:
relative dielectric constant of both waveguides ¢, =2.01;
cross section of the guide, 20 X 20 mm; frequency, 10 GHz.

An iterative calculation is carried out until the values of
A, and A, are reduced to values smaller than a criterion of
10~°. Then the resulting R, and T can be seen to con-
verge to steady values. In this example, it requires four
iterative calculations to converge R, and T;, for type I and
two iterations for type II.

Calculated results for uncoincidental displacement value
versus |Ry|%, |Ty|%, and P, are shown in Figs. 6 to 8. In
these figures, the input power of the guided mode is
normalized to 1 W. Dotted lines show the experimental
results, which are described in the next section.
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The total radiation power P, from the uncoincidental
junction can be obtained from the following relation:

P,=Refoo foo E(w,v)-H#7 (n,v)dpdy

—o0¥ — o0

o0 0
+Ref / E'(u,v)y-H(p,v)ydudr. (27)
The first term on the right-hand side shows the component
of backward radiation power and the second term is the
forward radiation power.

From the principle of energy conservation, the sum of
|Ry|% |Tp|% and P, should be equal to unity. But in our
calculations, the discrepancy between this sum and unity is
less than 0.0003.

1V. EXPERIMENTS AND DISCUSSIONS

Fig. 9 shows an experimental setup to measure the
transmission coefficient of the guided mode on the uncoin-
cidental junction of rectangular dielectric waveguides. On
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the junction plane, two guides (#1 and #2) are jointed
uncoincidentally with an x and/or y displacement. The
displacement value can be varied precisely with a guide
mounting mechanism. Both waveguides have 20 mm X 20
mm cross sections, a length of approximately 1 m, and a
relative dielectric constant of 2.01. The E;' mode of 10
GHz is launched into waveguide 3¥1 with a mode launcher.
The wave is transmitted through waveguide #2 over the
junction and finally reaches the detector.

Measured results of the transmission coefficient (7}) are
shown in Figs. 6 to 8 as dotted marks. The results are
found to be in good agreement with the calculated results.

As the incident E}' mode has a y-directed polarization,
the uncoincidental junction in which the guide axes are
displaced in the y direction (as type I in Fig. 5) is referred
to as the y displacement. On the contrary, type 1I is
referred to as the x displacement,

From the above studies, a relationship between the
direction of displacement and R, T;, and P, can be found
as follows:

1) On the transmission coefficient T;,, the y displace-
ment gives a value about twice that of the x dis-
placement for the same displacement amount.

2) On the reflection coefficient R, the x displacement
gives a value about ten times greater than that of
the same amount of the y displacement.

3) Total radiation power P, from the junction of the x
displacement is about 1.1 times that of the y dis-
placement.

V. CONCLUSIONS

Reflection, transmission, and radiation characteristics
of the uncoincidental junction of rectangular dielectric
waveguide are studied by a newly introduced analytical
method and by experiments. As a result it is found that the
uncoincidental junction in which the waveguide axes are
displaced in the y direction, that is, the same direction as
the electric field polarization of the guided mode, gives a
relatively small reflection coefficient R, and a larger T,
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than for an x displacement, even though both displace-
ments are of the same amount.

The characteristics for the case where the guide axes are
displaced in the ¢ to x and d to y directions are also
obtained. The characteristics for this case have never been
obtained from the previous dielectric slab approximation.

The analytical method and results of this study will be
useful 4n analyzing the rectangular dielectric waveguide
junction for integrated circuits in the millimeter through
optical wave region and in determining the allowance for
the uncoincidental displacement of the guides.
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